Effective Field Theory Serie 6

RG equations, magic relation 14.5.2024

1. The renormalized quark mass mg(p) in the MS scheme is related to the bare mass
mg through

g = Zymq() = <1 ~ a0y 2o 1) mg(s).

a.) The mass fulfills the RG equation®

dm(p)
dp

(e m() = (50 4 ) mG. 0

Derive the value of the one-loop anomalous dimension ’yr(,g) using the magic

relation (2) below.

b.) Assume that the value of m,(p) is known for some reference scale p = po.
Solve the RG equation (1) at one-loop level to obtain the quark mass mgq(u) as
a function of m,(po) and the coupling constants a(p) and a(pug). Use

pdos _ Ao _ g = —2a, <ﬁoo‘s(“)+...)

dp  dlnp 47

to rewrite the integration over the scale

[ dmnn- CEZ)

as an integral over the running coupling and expand [(«) to leading order in
as. Does the mass mg(p) increase or decrease as one evolves from the reference
scale pg to lower scales?

2. In this exercise we derive the “magic relation”

_ oy P21 @)
Y= 40 da.

between an anomalous dimension 7y of an operators and the 1/e-pole of the associated
Z factor

1
Z=1+) T2 (),
k=1

in the MS scheme in dimensional regularization.

n the literature, the RG equation for the mass is often defined with the opposite sign, which flips the
sign of the coefficients. Also for the Z-factor of operators different conventions exist.



a.)

We first need the 8 function in d dimensions. To this end, use that ,u%ago) =0,
with bare coupling aﬁ“) = Z§u2eas(u) to show

4 d
Blas,€) = —2e a5 — 2057, 1/;@29.

. 0
Now write 8(as,€) = B(as) + > oo, € Br(as), and use M%ZQ = Wzgﬁ(as,e) to
find 57
ZgBlas,€) = —2e a5 Zy — 20— B(a, €).
Oag
Expanding this relation at large €, you should find 51 = —2as, B = 0 for k > 1,
and the first “magic relation” B(ay) = 4a? 9219 where Z14 is the first term in

S dag ’
the € expansion of Z,.

Finally, repeat the same strategy for the anomalous dimension encountered in
the lecture, which should lead to Eq. (2).



