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Figure 3: The CMS rapidity distribution of an on-shell Z boson at the LHC. The LO, NLO, and
NNLO results have been included. The bands indicate the variation of the renormalization and
factorization scales in the range MZ/2 ! µ ! 2MZ.

range used in the rest of the paper, µF = µR = µ and M/2 < µ < 2M , provides a good

guide to the perturbative uncertainty remaining from the terms beyond NNLO.

In Fig. 5 we present the rapidity distribution for on-shell Z production at Run II of

the Tevatron. The scale variation is unnaturally small at LO; it is 3% at central rapidities,

and varies from 0.1% to 5% from Y = 1 to Y = 2. This occurs because the direction of

the scale variation reverses within the range of µ considered, i.e., d!LO/dµ = 0 for a value

of µ which satisifes MZ/2 ! µ ! 2MZ . This value of µ depends upon rapidity, leading to

scale dependences which vary strongly with Y . The scale variation exhibits a more proper

behavior at NLO, starting at 3% at central rapidities and increasing to 5–6% at Y = 2.5.

At NNLO the scale dependence is drastically reduced, as at the LHC, and remains below

1% for all relevant rapidity values. The magnitude of the higher-order corrections is slightly

larger at the Tevatron than at the LHC. The NLO prediction is higher than the LO result

by nearly 45% at central rapidities; this shift decreases to 30% at Y = 1.5 and to 15% at

Y = 2.5. The NNLO corrections further increase the NLO prediction by 3–5% over the

rapidity range Y ! 2.

This remarkable stability of the rapidity distribution with respect to scale variation

cannot be attributed to the smallness of the NNLO QCD corrections to the partonic cross

– 29 –

Anastasiou et al., hep-ph/0312266



Figure 9: The di-lepton rapidity distribution for (Z, !!) production at Run I of the Tevatron,
compared with data from CDF [8]. The LO and NLO curves are for the MRST PDF set. The
thin NNLO bands are for the MRST (lower) and Alekhin (upper) parameterizations. The bands
correspond to varying M/2 ! µ ! 2M .

upon the rapidity chosen. The magnitude of the NLO corrections is large, varying from

45% at central rapidities to " 25% at larger rapidities. The NNLO corrections are also

appreciable; they range from 2.5% at Y = 0 to 4% at |Y | " 2.

Another observable frequently studied at hadron colliders is the W charge asymmetry,

defined as

AW (Y ) =
d"(W+)/dY # d"(W!)/dY

d"(W+)/dY + d"(W!)/dY
. (6.7)

A simple calculation in the LO approximation reveals that this quantity is sensitive to the

x dependence of u(x)/d(x), the ratio of up and down quark distributions in the proton.

Although in a realistic experiment only the pseudorapidity of the charged lepton coming

from the W decay can be measured, much of the sensitivity to the PDFs remains. Since

AW is a ratio of cross sections, it might be expected that it is rather insensitive to QCD

corrections. This is indeed the case. At the Tevatron, a pp̄ collider, with the assumption

of CP invariance, the charge asymmetry is an odd function of Y , since it may be written

as

AW (Y ) =
d"(W+)/dY # d"(W+)/dY |Y "!Y

d"(W+)/dY + d"(W+)/dY |Y "!Y
= #AW (#Y ). (6.8)
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Figure 4: More general variations of the renormalization and factorization scales, for production
of an on-shell Z boson at the LHC, at central rapidity Y = 0. For each order in perturbation
theory (LO, NLO, NNLO), three curves are shown. The solid curves depict common variation of
the renormalization and factorization scales, µF = µR = µ, as used in the rest of the paper, but
extending the range of variation to M/5 < µ < 5M . The dashed curves represent variation of the
factorization scale alone, holding the renormalization scale fixed at M . The dotted curves result
from varying the renormalization scale instead, holding the factorization scale fixed at M .

sections. These corrections are the d!(2)/dY terms defined in Eq. (4.1) (after renormal-

ization and mass factorization), convoluted with the MRST PDFs and with all partonic

channels included. We vary the scale in these terms, and normalize this variation to the

NLO cross section. We find that the NNLO corrections contribute a scale dependence

of ! 5% at central rapidities. When we form the complete NNLO cross section, which

requires adding these corrections to the convolution of the d!(0)/dY and d!(1)/dY terms

of Eq. (4.1) with NNLO PDFs, the width of this band is decreased to less than 1%. This

demonstrates a remarkable interplay between NNLO calculations and parton distribution

functions.

The small size of the NNLO corrections is partly due to large cancellations between

the various partonic channels. To illustrate this, we present in Fig. 6 the fractional contri-

butions of the various NNLO partonic corrections to the entire NNLO cross section, at Run

I of the Tevatron. We include the qg and qiqj channels (the latter includes qq and qq̄ inital

states); the gg subprocess is numerically unimportant in this process. The magnitude of

each order "2
s partonic correction, #!ij , can be 7–8% of the complete NNLO cross section,
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W asymmetry at the Tevatron

Question: where does the asymmetry come from ?

PDF effect: W+ produced mainly from valance u-quark in the proton 

and valence d in the anti-proton. u-quarks are faster ⇒ W+ produced 

preferably in the proton direction (opposite for the W-)
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FIG. 2: The W boson and lepton rapidity distributions in pp̄ collisions (left) and the relationship between the
W production charge asymmetry and lepton charge asymmetry from the W leptonic decay as a function of
rapidity (right).

We use the Monte Carlo to estimate the production probability of the two factors. First, in Figure 3
we verify the expected angular distribution of (1 ± cos!)2 from the production of W± with quarks
in the proton and the opposite distribution with anti-quarks in the proton. The ratio of quark
(proton) induced to anti-quark (proton) induced W production therefore determines the angular
decay distribution. In the simulation, we measure the fraction of each, and parameterize the angular
distributions as a function of yW and the W transverse momentum, PW

T . We find the functional form:

P±(cos!!, yW , pW
T ) = (1 ! cos!!)2 + Q(yW , pW

T )(1 ± cos!!)2, (4)

Q(yW , pW
T ) = f(pW

T )e"[g(pW
T )!yW

2+0.05!|yW
3|], (5)

where the functions f(pW
T ) and g(pW

T ) are

f(pW
T ) = 0.2811L(pW

T , µ = 21.7GeV, " = 9.458GeV)

+0.2185e("0.04433GeV!1pW
T ),

g(pW
T ) = 0.2085 + 0.0074GeV"1pW

T

"5.051 # 10"5GeV"2pW
T

2

+1.180 # 10"7GeV"3pW
T

3
. (6)

where L(x, µ, ") is the Landau distribution with most probable value µ and the RMS ". The first
term of Eqn. 4 corresponds to contributions from quarks in the proton and the second term from
anti-quarks in the proton. The parameterization in Eqn. 5, Q(yW , PW

T ) is obtained using MC@NLO
including NLO QCD prediction [4].

The second relevant factor is the sum of the W+ and W" cross-sections as a function of yW . As
shown in Figure 2, W boson production decreases sharply beyond |yW | > 2 because of the scarcity
of high x quarks. Therefore, if two solutions are possible, one in the central region and another with
|yW | > 2, the former should receive more weight as the latter is very unlikely to be produced.

Finally, the weighting factor for each rapidity solution is represented as

wt±1,2 =
P±(cos!!1,2, y1,2, PW

T )"±(y1,2)
P±(cos!!1 , y1, PW

T )"±(y1) + P±(cos!!2 , y2, PW
T )"±(y2)

, (7)
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Figure 6: The fixed-order (left) and RG-improved (right) cross-section predictions including
perturbative uncertainty bands due to scale variations for the Tevatron (upper) and LHC
(lower plots). In contrast to Figure 5, di!erent PDF sets are used according to the order of
the calculation.

after RG improvement are fully contained in the lower-order ones and the K-factor is close
to 1, in particular for the LHC.1 In fixed-order calculations it is customary to use PDFs ex-
tracted from a fit using predictions of the same order. Doing so absorbs universal higher-order
corrections into the PDFs. Since resummed calculations contain contributions of arbitrarily
high orders, the optimal PDF choice is less clear. If the same large higher-order corrections
a!ect both the observable one tries to predict and the cross sections used to extract the PDFs,
it would be quite problematic to perform a resummation in one case and not the other. For
our case, the relevant input quantity is the gluon PDF at low x, which is mostly determined
by measurements of scaling violations in the DIS structure function, !F2(x, Q2)/!Q2. The
higher-order corrections associated with the analytic continuation of the time-like gluon form
factor, which we resum, do not a!ect the DIS cross section, and so are not universal and

1For MRST2004 PDFs [52], the K-factors after resummation are somewhat larger, K " 1.3 for the LHC,
see [18].
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