QCD Serie 1
Lie Algebra of SU(N) 23.9.20

1.

Show that the generators t* for a unitary transformation
g(a) = exp(ia’t”)

are hermitian and that the generators are traceless, if we impose det g(a) = 1.

Show that the structure constants of SU(N) can be obtained from the trace
ifee = 2tr([te, L)) . (1)

Remember that we have normalized the generators of the fundamental repre-
sentation as

1
tr(t") = Tp0® with Tp= 5 (2)

Use hermeticity of the generators and the result (1) of the previous exercise
to show that the structure constants f,;. are real.

Derive the color identities (repeated indices are summed over)
fabctbtc — %CAta, (3)
t P = (Cp — Cy/2) 1", (4)

Here, Cr and C'4 are the values of the quadratic Casimir invariants of the
fundamental and the adjoint representation, i.e.

11" = Cr1, ifeedifd = 0o (5)

Derive the value of Cr by taking the trace in (5) using (2).

Proof the Fierz identity for generators of the fundamental representation of

SU(N)
1 1
t?j gl — 5 (5i15jk - N(Szjékl) . (6)

To derive the identity, use the completeness relation, namely that any N x N
matrix M can be written as a linear combination of the N2 — 1 generators and
the identity matrix:

M = col + ¢, t*.

The coefficients ¢y and ¢, can be extracted taking traces.

Use the Fierz identity (6) to compute the quadratic Casimirs C'4. To do so,
use the definition (5). Hint: Use tr([t*, t°][t%, t]) = if*dif Tp.



