
QCD Serie 1

Lie Algebra of SU(N) 23.9.20

1. Show that the generators ta for a unitary transformation

g(α) = exp(i αata)

are hermitian and that the generators are traceless, if we impose det g(α) = 1.

2. Show that the structure constants of SU(N) can be obtained from the trace

ifabc = 2 tr
(

[ta, tb]tc
)

. (1)

Remember that we have normalized the generators of the fundamental repre-
sentation as

tr
(

tatb
)

= TF δab with TF =
1

2
. (2)

3. Use hermeticity of the generators and the result (1) of the previous exercise
to show that the structure constants fabc are real.

4. Derive the color identities (repeated indices are summed over)

fabctbtc =
i

2
CAt

a , (3)

ta tb ta = (CF − CA/2) t
b . (4)

Here, CF and CA are the values of the quadratic Casimir invariants of the
fundamental and the adjoint representation, i.e.

tata = CF 1 , ifacd if cbd = CA δab . (5)

5. Derive the value of CF by taking the trace in (5) using (2).

6. Proof the Fierz identity for generators of the fundamental representation of
SU(N)

taij t
a
kl =

1

2

(

δilδjk −
1

N
δijδkl

)

. (6)

To derive the identity, use the completeness relation, namely that any N ×N
matrix M can be written as a linear combination of the N2

−1 generators and
the identity matrix:

M = c01+ cat
a .

The coefficients c0 and ca can be extracted taking traces.

7. Use the Fierz identity (6) to compute the quadratic Casimirs CA. To do so,
use the definition (5). Hint: Use tr

(

[ta, tc][tc, tb]
)

= ifacd if cbd TF .


