
 

Effective Lagrangian

Our goal is now to construct

Leff Leff U invariant under

U Vr Uvf As usual we will

order the terns in Leg by dimension

but since Nix is dimensionless this

amounts to an expansion in derivatives

0 Il Ofp2

Leff fo U t f fu By

fufu qu O U torpt
F

O ip

discuss later how indices are contracted



symmetry implies f u f vaunt
choose Vp I 4 4 FIU FID cart

Particle integration

folk flu DU fd4x film quoth

Leff fin query

fire In Bh

with an of U Ut Note that

Dµ is invariant under the transformations

and transforms as Dr Up Dr Vrt

Leff Fluvet Brb Flybrah
T

Ve s U



The Lagrangian must also be in variant under

Vr transformations The only possibility

is

Leff tr be b

Note that

tr bro tr Deh at y ut

tr fairy at u ut trova
T

quiet Q I e O

k summary
we have

Leff tr quoth torpy



The prefector hes been chosen to get

a canonically normalized kinetic term forit

To see this we expand

a ex exp I F if It E it

t

for 8hr2 which yields

Leff I quit 8 t I or Y ETI TI

t o r t exercise

Properties of Leff
1 7 Interactions with arbitrary many rt's

2 One parameter F determines all these

interactions up to p suppressed terms



3 Derivative couplings the interactions

go to zero when the energies go to

zero

The above Lagrangian is valid in the

strict chiral limit my o We now want

to add smell non zero quark messes

Lm IRM ly Ty Mt xp

with Mr fng nid J
To do so we'll use the following trick

We treat Mr as an external source

which transforms as Mr Up Mkt



For such a source I remains chinchy

invariant We then construct

Lett Lef f U m

to be invariant as well Expanding in powers

of m the lowest in variant term is

Is TIBI tr Mut Mtu

After inserting the quark mess matrix this

term generates masses for the pious For Suraj

Is FBI Hlm f

Bj mut md I M I



we up to higher order corrections all

T's have the Seine mess proportional

to the sun of the quark messes

To relate Bo to a QCD matrix element

we treat Mr Chex Dig as a external

source and compute

Fm.gr QcD Col9uiM9r.jrx
g r k qui Ix o

Im Zeff FEI Col UtiK thisMlo

The classical action is minimized byTtx o

U It Up to pion Loop corrections



we thus have

f 2B or ij
do I go i 9h j t 9 R j94.10

we Bo Col In 103 ol d d 107

we Bo corresponds to the quark condensate

in the limit my
o

spontaneousGreeting

me Mf m t ma f
Collin 103

explicit 0 Imf
breaking

since put hat in my we count the

quark messes as 0 pl



For 8hr2 all pious have the same mess because

Wrx l t ZETA
2
4 t't't't

2 ta t IFTb

cud in surv

2 Eta tb IET rb d

In sur 3 the commutator has a nontrivial structure

leading to

ME f mu t md B to ring

Mf Mut Ms Bo t 0 moi

Mia ME maths Bo t 0 moi

Mj f Mut Md t 4ms B

Gell Man Oakes Renner 68

une MI 414,5 t 3Mj O t 0hr5
Gell Maru Okubo formula



To understand how the mesons interact with photons

W and Z bosons one can introduce external

sources with the appropriate quantum numbers

and then construct Leff in the presence of the

sources I This is good enough for a discussion at

the classical level to include QED loop effects

we would need a dynamical photon field

we thus write L CD Lo t Li

Lo Fib 4 I give no masses
Can use Sa to have

classical soirees them

L viva t ai Ai safe pep

with acts in flavorspace

Van I got 4 A Tuff t t

sa I ta 4 Pa I igest 4

To also include singlets we introduce t x 14



To construct Leff one uses that La becomes

invariant under Local chiral transformations

kex Vix tix Kpk Vr girlx

provided the external fields transform like gauge

fields Writing Vr Vita we need

rn Yet as Vp Iveta YE i Vr Vrt

es y ar her vet irony vet

St i p Vp S tip Vet

with this it becomes easy to construct Leff
One simply replaces the ordinary

derivative by

the covariant one count as Ip
f I

iDn U i g y t r µ U U 4

exercise show that iDm u o VaiDeirVI



The lowest order gauge inn Leff is

Leff II tr Bruh Dh ut

FYI X ut t un t orp 4

with X s tip
conteins quarkmasses Otp

The Lagrangian at 01pct was constructed by

a asser but Wyler 84 For sur 3 it contains

12 parameters low energy contents for

sure there are lo Gasses and butWyler also

showed that the one loop diagrams of 1

contribute at Ocp and can be rewormalized

with the parameters of Lelf



let us look at an example

K c
01k

Rpg Sd4k Vip K
T

vertex from L a spy Orp4

Using the same methods we used to compute

D in CD one can show that all one loop

diagrams from Leff coworitute at orpu

And since Leff is the most general Lagrangian
at this order it must be possible to absorb the

divergences into its parameters More generally a

h

any order p only a finite number of parameters

arise and all divergences can be absorbed into

a redefinition of these parameters



Since the parameters It B describe low energy

properties of QCD one either Les to extract them

using a fit to date or compute them with

a wowperturbative method
such as lattice QCD

Unfortunately the number of parameters rapidly

grows

12

II hi lis t.iiilnii.si
Tearing h Nilgetal see

a esser Scherer96 Zoos 01239
lentwyw Bijney 1810.06834

84 Colangelo
Ecker SS

with this proliferation of parameters
one starts to loose predictivity at

higher orders



The other limitation is that the

effective theory breaks down once

the energies become large enough that

heavier particles e.g the p meson

with Mp 770 Get can be produced

To extend the predictions to higher

energies CAPT is often combined with

dispersive methods



To finish the construction of Leff
we briefly touch on an interesting

complication The Lagrangian deff

is in variant under the full set of chiral

transformations but QCD is not invariant

due to anomalies associated with the

fermion determinant To reproduce the

behavior of QCD one needs to add

an additional term which reproduces

the change of the QCD partition function

This term is called the Wess Zunino

Witten term hwzw



The full effective theory Lagrangian is

their

Leff Liu t hwan
I

starts at Ocp't
no parameters at this
order


