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Fig. 10: Event display of a six-jet event passing the ATLAS multijet selection requirements. The towers in the
bottom right figure represent transverse energy deposited in the calorimeter projected on a grid of ⌘ and �. Jets
with transverse momenta ranging from 84 to 203 GeV are measured in this event (from Ref. [50]).

4.2 The production of W and Z bosons
W and Z bosons are expected to be produced abundantly at the LHC. The large dataset and the high
LHC energy allow for detailed measurements of their production properties in a previously unexplored
kinematic domain. These conditions, together with the proton-proton nature of the collisions, provide
new constraints on the parton distribution functions and allow for precise tests of perturbative QCD.
Besides the measurements of the W and Z boson production cross sections, the measurement of their
ratio R and of the asymmetry between the W+ and W� cross sections (see Section 3.3) constitute
important tests of the Standard Model. This ratio R can be measured with a higher relative precision
because both experimental and theoretical uncertainties partially cancel. With larger data sets this ratio
can be used to provide constraints on the W -boson width �W [52].

4.2.1 Inclusive cross-section measurements
Measurement of the W+,W� and Z/�⇤ boson inclusive production cross sections are performed using
the leptonic decay modes W ! `⌫ and Z ! ``. Already in 2010, the two collaborations published
first measurements in the electron and muon decay modes [53,54]. They were updated with the full data
sample taken in 2010 corresponding to an integrated luminosity of 36 pb�1 [55, 56]. In this data sample
the ATLAS experiment has observed a total of about 270.000 W ! `⌫ decays and a total of about 24.000
Z/�⇤ ! `` decays. The measurements in the electron and muon channels were found to give consistent
results and were combined to obtain a single joint measurement taking into account the statistical and
systematic uncertainties and their correlations. The results are displayed in Fig. 11 together with previous
measurements of the total W and Z production cross sections by the UA1 [57] and UA2 [58] experiments
at
p
s = 0.63 TeV at the CERN SppS and by the CDF [52] and DØ [59] experiments at

p
s = 1.8 TeV

and
p
s = 1.96 TeV at the Fermilab Tevatron collider and by the PHENIX [60] experiment in proton-

proton collisions at
p
s = 0.5 TeV at the RHIC collider. These measurements are compared to the NNLO

theoretical predictions for proton-proton and proton-antiproton collisions. All measurements are in good
agreement with the theoretical predictions and the energy dependence of the total W and Z production
cross sections is well described. The precision of the integrated W and Z/�⇤ cross sections in the
fiducial regions is ⇠ ±1.2% with an additional uncertainty of ±3.4% resulting from the knowledge of
the luminosity. It should be noted that the experimental uncertainties are already dominated by systematic
uncertainties. The total integrated cross sections are obtained from an extrapolation of the measurement
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Figure 6: A sample parton-level event (generated with Herwig [80]), together with many random
soft “ghosts”, clustered with four di!erent jet algorithms, illustrating the “active” catchment areas
of the resulting hard jets (cf. section 4.4). For kt and Cam/Aachen the detailed shapes are in
part determined by the specific set of ghosts used, and change when the ghosts are modified.

class of algorithms is naturally replaced by the anti-kt algorithm (which produces circular
jets, as illustrated in figure 6, and has similar low-order perturbative properties), while
SISCone is very much like the IC-SM algorithms, but ensures that the stable-cone finding
is IRC safe.

Figure 6 illustrates the jets that are produced with the 4 “choice” IRC-safe algorithms
in a simple, parton-level event (generated with Herwig), showing among other things, the
degree of regularity (or not) of the boundaries of the resulting jets.

3 Computational geometry and jet-finding

It takes the human eye and brain a fraction of a second to identify the main regions of
energy flow in a calorimetric event such as fig. 6. A good few seconds might be needed to
quantify that energy flow, and to come to a conclusion as to how many jets it contains.
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Fraction of hard events failing IR safety test
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Figure 5: Failure rates for IR safety tests [40] with various algorithms, including a midpoint
variant with 3-way midpoints and some seedless algorithms with commonly used, but improper,
split–merge procedures. See table 2, p. 30, for the classification of the main di!erent algorithms
and [40] for a description of the di!erent seedless variants. CDF MidPoint-3 is like the standard
MidPoint algorithm except that it also uses midpoints between triplets of stable cones. Briefly,
the IR safety test proceeds as follows: first one generates an event with between 2 and 10 hard
particles, and applies a jet finder to the event; then one generates some number of random very
soft particles (pt ! 10!100 GeV), and applies the jet finder to the event consisting of soft and
hard particles. If the hard jets (those with pt " 10!100 GeV) are the same in the two cases, then
the jet finder passes the IR safety test for that event. One repeats the exercise for many events.
SISCone passed the test for all 4 # 109 events used. Other algorithms failed the test for some
fraction of events, as given in the figure.

In a seedless cone algorithm, the addition of a soft particle may lead to the presence
of new stable cones, however none of those new cones will involve hard particles (a soft
particle doesn’t a!ect the stability of a cone involving much larger momenta), and therefore
the set of hard stable cones is infrared safe. As long as the presence of new soft stable
cones (or of new soft particles inside hard stable cones) doesn’t change the outcome of
the split–merge procedure (a non-trivial requirement), then a seedless cone will lead to an
infrared safe collection of hard jets.

A computational strategy for identifying all cones was outlined in ref. [21]: one takes
all subsets of particles and establishes for each one whether it corresponds to a stable cone
— i.e. one calculates its total momentum, draws a circle around the resulting axis, and if
the points contained in the circle are exactly as those in the initial subset, then one has
found a stable cone. This is guaranteed to find all stable cones.

The above seedless procedure was intended for fixed-order calculations, with a very
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etc...

Figure 8: Representation of points on a line and the places where a sliding segment has a change
in its set of enclosed points.

(a) (b) (c) (d)

Figure 9: (a) Some initial circular enclosure; (b) moving the circle in a random direction until
some enclosed or external point touches the edge of the circle; (c) pivoting the circle around the
edge point until a second point touches the edge; (d) all circles defined by pairs of edge points
leading to the same circular enclosure.

order the points, place the segment to the left of the leftmost point, and then slide it
sideways. Each time the left or right edge of the segment touches a point, the contents of
the enclosure change. The cost of finding all enclosures is just that of ordering the points
(N ln N).

How do we extend this to two dimensions? The central idea is that the enclosed
point set changes when a point touches the enclosure. In 1d we can always shift the
enclosure, without changing its contents, until its edge touches a point (either in or out
of the enclosure). In 2d we can first shift the circular enclosure until one point touches
the edge, then pivot the circle around that point until its circumference touches a second
point (fig. 9). Conversely if we consider all pairs of points (within 2R of each other) and
draw all possible circles that go through those pairs, then we will have found all possible
enclosures (one should remember that edge points can be either in or out of the enclosure;
special treatment is also needed for points that are alone, i.e. further than 2R from the
nearest other point).

There are O (Nn) relevant pairs of points.14 One could directly check the stability of
each one (at a cost of at least O (n)), giving an O (Nn2) algorithm. Alternatively one
can establish a traversal order in which the circle contents change by one point at a time,
avoiding (with the help of a few other tricks) the need to pay a price of O (n) for the
stable-cone check for each distinct enclosure. This is the basis of the (expected) Nn ln n

14There is a correspondingly large number of distinct cones, and this has implications for proposal [96]
to use a Fast Fourier Transform for the stable-cone search (cf. also the FFTJet package [78], which was
released just as this review was being finalised), essentially because it implies the need for a Fast Fourier
Transform grid of size O (Nn).
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may then run a split–merge (SM) procedure, which merges a pair of cones if more than a
fraction f of the softer cone’s transverse momentum is in particles shared with the harder
cone; otherwise the shared particles are assigned to the cone to which they are closer. A
possible generic name for such algorithms is IC-SM. The exact behaviour of SM procedures
depends on the precise ordering of split and merge steps and a fairly widespread procedure
is described in detail in [5]. It essentially works as follows, acting on an initial list of
“protojets”, which is just the full list of stable cones:

1. Take the protojet with the largest pt (the ‘hardest’ protojet), label it a.

2. Find the next hardest protojet that shares particles with the a (i.e. overlaps), label
it b. If no such protojet exists, then remove a from the list of protojets and add it to
the list of final jets.

3. Determine the total pt of the particles shared between the two protojets, pt,shared.

• If pt,shared/pt,b > f , where f is a free parameter known as the overlap threshold,
replace protojets a and b with a single merged protojet.

• Otherwise “split” the protojets, for example assigning the shared particles just
to the protojet whose axis is closer (in angle).

4. Then repeat from step 1 as long as there are protojets left.

Generally the overlap threshold f is chosen to be 0.5 or 0.75 (the latter is probably to be
preferred [21]). An alternative to SM is to have a “split-drop” (SD) procedure, where the
non-shared particles that belong to the softer of two overlapping cones are simply dropped,
i.e. are left out of jets altogether. The main example of an algorithm with a SD procedure
is PxCone (described for example in [22]).

The outcome of split–merge and split–drop procedures depends on the initial set of
stable cones. One of the main issues with IC-SM and IC-SD algorithms is that the addition
of a new soft seed particle can lead to new stable cones being found, altering the final set
of jets. This is infrared unsafety and we will discuss it in detail in the next section.

2.1.4 Infrared and collinear safety, midpoint cones

Infrared and collinear (IRC) safety is the property that if one modifies an event by a
collinear splitting or a soft emission, the set of hard jets should remain unchanged. It is
a fundamental requirement for jet algorithms, related to points 4 and 5 of the Snowmass
accord.

The IC-PR case. IC-PR algorithms su!er from collinear unsafety, as illustrated in fig. 1.
With a collinear safe jet algorithm, if configuration (a) (with an optional virtual loop also
drawn in) leads to one jet, then the same configuration with one particle split collinearly,

9
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FIG. 2: The measured cross section d!(W ! e"+ " n-jets)/dEnth-jet
T

compared to NLO predictions for n = 2, 3. In the upper
panels the NLO distribution is the solid (black) histogram, and CDF data points are the (red) points, whose inner and outer
error bars denote the statistical and total uncertainties on the measurements. The LO predictions are shown as dashed (blue)
lines. The lower panels show the distribution normalized to an NLO prediction, the full one for n = 2 and the leading-color
one for n = 3, in the experimental bins (that is, averaging over several bins in the upper panel). The scale uncertainty bands
are shaded (gray) for NLO and cross-hatched (brown) for LO. In the n = 2 case, the dotted (black) line shows the ratio of the
leading-color approximation to the full-color calculation.

narrow scale-dependence bands. See ref. [2] for details.
Our aim in this Letter is to extend this comparison

to n = 3 jets. We apply the same lepton and jet cuts
as CDF, replacing the /ET cut by one on the neutrino
ET , and ignoring the lepton–jet !R cut removed by
acceptance. We approximate the Cabibbo-Kobayashi-
Maskawa matrix by the unit matrix, express the W cou-
pling to fermions using the Standard Model parame-
ters !QED = 1/128.802 and sin2 "W = 0.230, and use
mW = 80.419 GeV and "W = 2.06 GeV. We use the
CTEQ6M [32] parton distribution functions (PDFs) and
an event-by-event common renormalization and factor-
ization scale, µ =

!

m2
W + p2

T (W ). To estimate the scale
dependence we choose five values in the range (1

2 , 2)!µ.
The numerical integration errors are on the order of a
half percent. We do not include PDF uncertainties. For
W + 1, 2-jet production these uncertainties have been
estimated in ref. [2]. In general they are smaller than
the scale uncertainties at low ET but larger at high ET .
The LO calculation uses the CTEQ6L1 PDF set. For
n = 1, 2 jets, NLO total cross sections agree with those
from MCFM [31], for various cuts. As our calculation is
a parton-level one, we do not apply corrections due to
non-perturbative e#ects such as induced by the underly-
ing event or hadronization. Such corrections are expected
to be under ten percent [2].

In table I, we collect the results for the total cross
section, comparing CDF data to the NLO theoretical

predictions computed using BlackHat and SHERPA.
The columns labeled “LC NLO” and “NLO” show respec-
tively the results for our leading-color approximation to
NLO, and for the full NLO calculation. The leading-color
NLO and full NLO cross-sections for W + 1- and W + 2-
jet production agree to within three percent. We thus
expect only a small change in the results for W + 3-jet
production once the missing subleading-color contribu-
tions are incorporated.

We have also compared the ET distribution of the nth

jet in CDF data to the NLO predictions for W + 1, 2, 3-
jet production. For W + 2, 3-jets these comparisons are
shown in fig. 2, including scale-dependence bands ob-
tained as described above. For reference, we also show
the LO distributions and corresponding scale-dependence
band. (The calculations matching to parton showers [30]
used in ref. [2] make di#erent choices for the scale varia-
tion and are not directly comparable to the parton-level
predictions shown here.) The NLO predictions match
the data very well, and uniformly in all but the high-
est ET bin. The central values of the LO predictions,
in contrast, have di#erent shapes from the data. The
scale dependence of the NLO predictions is substantially
smaller than that of the LO ones. In the W + 2-jet case,
we also show the ratio of the leading-color approxima-
tion to the full-color result within the NLO calculation:
the two results di#er by less than three percent over the
entire transverse energy range, considerably smaller than
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FIG. 1: Sample diagrams for the seven-point amplitudes qg !

e! q!gg and qQ̄ ! e! q!gQ̄. The e! pair couples to the quarks
via a W boson.

D-dimensional generalized unitarity within the OPP for-
malism was described in ref. [18].) Other numerical pro-
grams along similar lines are presented in refs. [14, 19].

To speed up the evaluation of the virtual cross sec-
tion, we make use of a leading-color (large-Nc) approxi-
mation for the finite parts of the one-loop amplitudes,
keeping the exact color dependence in all other parts
of the calculation. Such approximations have long been
known to be excellent for the four-jet rate in e+e! an-
nihilation [20]. A similar approximation was used re-
cently for an investigation of W + 3-jet production [21],
which, however, also omitted many partonic subpro-
cesses. Our study retains all subprocesses. In addition,
we keep all subleading-color terms in the real-emission
contributions. In the finite virtual terms of each sub-
process we drop certain subleading-color contributions.
“Finite” refers to the !0 term in the Laurent expan-
sion of the infrared-divergent one-loop amplitudes in
! = (4 ! D)/2, after extracting a multiplicative factor of
c!(!) " !(1+!)!2(1!!)/!(1!2!)/(4")2!!. “Subleading-
color” refers to the part of the ratio of the virtual terms to
tree cross section that is suppressed by at least one power
of either 1/N2

c or nf/Nc (virtual quark loops). We mul-
tiply the surviving, leading-color terms in this ratio back
by the tree cross section, with its full color dependence.

For this approximation, we need only the color-ordered
(primitive) amplitudes in which the W boson is adja-
cent to the two external quarks forming the quark line
to which it attaches. Representative Feynman diagrams
for these primitive amplitudes are shown in fig. 1. Other
primitive amplitudes have external gluons (or a gluon
splitting to a Q̄Q pair) attached between the W bo-
son and the two above-mentioned external quarks; they
only contribute [22] to the subleading-color terms that
we drop. As discussed below, we have confirmed that
for W + 1, 2-jet production this leading-color approxi-
mation is valid to within three percent, so we expect cor-
rections to the W + 3-jet cross-sections from subleading-
color terms also to be small.

In addition to the virtual corrections to the cross sec-
tion provided by BlackHat, the NLO result also re-
quires the real-emission corrections to the LO process.
The latter arise from tree-level amplitudes with one ad-
ditional parton, either an additional gluon, or a quark–

number of jets CDF LC NLO NLO

1 53.5 ± 5.6 58.3+4.6
"4.6 57.8+4.4

"4.0

2 6.8 ± 1.1 7.81+0.54
"0.91 7.62+0.62

"0.86

3 0.84 ± 0.24 0.908+0.044
"0.142 —

TABLE I: Total cross sections in pb for W + n jets with
Enth-jet

T
> 25 GeV as measured by CDF [2]. The results are

compared to NLO QCD. For W + 1 and W + 2 jets, the
di!erence between the leading-color approximation and the
complete NLO result is under three percent. For W + 3 jets
only the LC NLO result is currently available, but we expect a
similarly small deviation for the full NLO result. Experimen-
tal statistical, systematic and luminosity uncertainties have
been combined for the CDF results.

antiquark pair replacing a gluon. Infrared singularities
develop when the extra parton momentum is integrated
over unresolved phase-space regions. They cancel against
singular terms in the virtual corrections, and against
counterterms associated with the evolution of parton dis-
tributions. We use the program AMEGIC++ [23] to
implement these cancellations via the Catani-Seymour
dipole subtraction method [24]. The SHERPA frame-
work [25] incorporates AMEGIC++, making it easy to
analyze the results and construct a wide variety of dis-
tributions. For other automated implementations of the
dipole subtraction method, see refs. [26].

The CDF analysis [2] employs the JETCLU cone al-
gorithm [27] with a cone radius R =

!

("#)2 + ("$)2 =
0.4. However, this algorithm is not generally infrared
safe at NLO, so we instead use the seedless cone algo-
rithm SISCone [28]. In general, at the partonic level we
expect similar results from any infrared-safe cone algo-
rithm. For W + 1, 2 jets we have confirmed that distri-
butions using SISCone are within a few percent of those
obtained with the midpoint cone algorithm [29].

Both electron and positron final states are counted,
and the following cuts are imposed: Ee

T > 20 GeV,

|$e| < 1.1, /ET > 30 GeV, MW
T > 20 GeV, and Ejet

T > 20
GeV. Here ET is the transverse energy, /ET is the miss-
ing transverse energy, MW

T the transverse mass of the e%
pair and $ the pseudorapidity. Jets are ordered by ET ,
and are required to have |$| < 2. Total cross sections
are quoted with a tighter jet cut, Ejet

T > 25 GeV. CDF
also imposes a minimum "R between the charged de-
cay lepton and any jet; the e#ect of this cut, however, is
removed by the acceptance corrections.

CDF compared [2] their measured W + n-jet cross sec-
tions to LO (matched to partons showers [30]) and the
then-available NLO theoretical predictions. The LO cal-
culations di#er substantially from the data, especially at
lower ET , and have large scale-dependence bands. In
contrast, the NLO calculations for n # 2 jets (using the
MCFM code [31], with the V +4-parton one-loop matrix
elements of ref. [5]) show much better agreement, and



Fig. 15: The measured W+jets cross sections as a function of jet multiplicity (left) and as a function of the p
T

of
the first jet in the event (right). The p

T

of the first jet is shown separately for events with � 1 jet to � 4 jets. Shown
are predictions from ALPGEN, SHERPA and BlackHat-SHERPA, and the ratio of theoretical predictions to data
(from Ref. [68]).

of the top quark, which has, however, been relatively precisely measured at the Tevatron collider to be
m

top

= 173.2± 0.90 GeV, i.e. with a precision of 0.5%. A further improvement here is important for a
precise test of electroweak radiative corrections.

Due to the high mass, the top quarks decays mainly via t ! Wb before it hadronizes. The
production of t¯t pairs at the LHC proceeds mainly via gluon initiated processes and is expected to be a
factor of 20 larger at the LHC with

p
s = 7 TeV than at the Tevatron. The decays studied are characterized

by the number of charged leptons in the final state. A large fraction of the branching ratio is devoted to
lepton-hadron decays, where one of the W s decays leptonically and the other one into a pair of jets,
i.e. t¯t ! Wb Wb ! `⌫b qqb. The final state in this case consists of a lepton, missing transverse
momentum (carried away by the neutrino) and four jets out of which two are originating from b-quarks.
The complementary dilepton decay mode is also important for top-quark physics at hadron colliders.
The fully hadronic channel is more difficult to trigger on and shows a worse signal-to-background ratio,
but despite this has also been measured at the LHC.

Both the ATLAS and CMS collaborations measured the production cross section for the pair pro-
duction of top quarks in all above-mentioned final states [73–77]. The results are displayed in Fig. 16.
The most precise measurement comes from the single lepton channel, which shows already a precision
of the order of ±7%. In this channel the cross sections are measured with and without the requirement
of a b-tagged jet. The results obtained in the dilepton channel are consistent with these results. The
measurements are found to be in good agreement with the approximate NNLO calculations [78, 79], al-
though the experimental values are found to be about 1� higher in each experiment. The experimental
measurement is already limited by the experimental systematic uncertainties (jet energy scale, b-tagging,
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